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Pro matice radu tfi mame Sest moznych permutaci
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Diikaz pro soucet

< C‘Q{' (}6) 4 Ad’ (C) Pokud matice A, B, C spliiujf

bij+ cij kdyz k =i a
gLl =
" = kdyz k # i, pak

n
det(A) = X sgn(p) I1 ak p(k)
PESH k=1
= aj p(i sgn(p) I1 k. p(k
pezsn p(i) ke{L,....n}\i s
= b,‘_ A <+ sgn\p ay.,
5, bisr cioto) se0le), T2t
= X bipi sgn(p) II
PESH ke{1,....,n}\i
+ X G sgn(p) II
pPES, ke{1,....,n}\i
= Zé sgn(p) H by p(k) + Z sgn(p) H Ck.p(k)
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Adjungovana matice — ukazka

125 Podle Sarrusova pravidla:
M= |2 & 0
3 5 3 det(A) =9+50+0—-45-0—-12=2

s & B 25

adj(A)12 = (-2 |x . .|=- 53| = 19
5 1or 8
9 19 -15
adj(A) = | -6 —12 10
1 1 -1

1 i 90/2 19/2 —15/2
A" = dj(A)=| -3 -6 5
det(A) ™ 12 1f8 =12
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hde A _, I nlize A o ;—/7/ g{ﬂh/[( Wm@/ oty 5,
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Dikaz: Uvazme matici I;_,x ziskanou z /,

nahrazenim i-tého sloupce vektorem x. L[ PR
N
V{Jh o gﬂﬂa/ww 0 e’|x
o Potom A-lisx = ALy, dttmipty A 1
tedy det(A) - det(li_x) = det(A;_p),
%@Jb Jlf(jél/“/l . proto 5 det(li_)x) — detl(A) det(AI—>b) de | de b
4 /’M Sz ;mlmm?M '/%ém
Ai—)b

Vmﬂhm élﬁ ckwm M/SOM/
WM%N /dm M/Wm th/?M Cramerovo pravidlo — ukazka

Soustavu Ax = b = (7,4,9)7 Ize vy¥esit pomoci determinanti:

T 2 § 1 75
det(A1_>b): & 8 0= det(AQ_)b) =12 & D=
9 5 3 g 8 3
X 2 1
det(Azp) =12 3 4|=2
3509
Proto x = 5a )(det(Al) det(Az),det(Ag_,b))

det
=1(4,0,2)7 =(2,0,1)7

Zkouska: 1 2 5 5 <
Ax:<2 3 o)-<o>:<4):b
3 5 3 d| 9
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(/(r Jé 91'!49.4[,,//0,./; 1 Laplaceova matice

J(/Mo; e , 3G —21 _31 j —01 g 8\
9/74//@” Wi/y/w L= _01 o 3 . 8
Iz (%Wm/i/ w/z 4 N \8 oot s

/ 0 0 0 -1 1)
M st

ol e 3 -1 -1 0 0
/ é/c/m /%Ml =1 & 0 =i D
ha/wéwask/ 4 li»/gff/b det(L21)= -1 0 2 -1 O0(|=11
D =il =l 3 =i
}4.7/0‘7/1(04 7LVLU ,g/t%yl’l 0 0 0 -1 i

b (U3 )- -tk (17 ) sl M

(;pw ‘I-Luvo,m/ ;ljé §7IM3 : ‘/"/'[(L;‘Ij) = (P/’) ).+j J%(LZ/)




Laplaceovy matice izomorfnich grafi

1 6
2, =1,:=T: 0 {0k 40 / 2 =1 {0, =1 40" 10
—1 3 =11 0" o G G =1 3 =1 0. =1 "0
-1 -1 3 0 -1 0 2 3 - 4 5 0 -1 1 0 0 O
L¢c= /" Le =
0 -1 0 2 -1 0 g =1 0 oY 3 =1 =]
0 0 -1 -1 3 =1 0 =1 i0p =1 3 =1
0 0 0 0 -1 1 4 5 6 1 9 3 0 0 i0r =1 =1 2

det(LL') = det(LEP) = det(LE)

3 -1 -1 0 O 2 -1 0 -1 0 3 -1 0 -1 0
=L 3 8 =l § =1 3 =l 0 =1 =1, 1 © 0 0
-1 0 2 -1 O0f=|j0 -1 1 O Of=/0 O 3 -1 -1
B o=l =l 3§ =l =1 0 0§ @ =3 =k 4 =1 3 =1
@ 0 # —1 1 B =1 B =1 3 o 0 -1 -1 2

- 1 V7 7 Vv 7 o o
Matice LG’l, L%,6 se lisi pouze permutaci radkii a sloupcii podle .

Toto 7 se aplikuje dvakrat: na radky a na sloupce.
| kdyZ sgn(7) = —1, celkové znaménko determinantu se nezméni.

Diikaz

Véta: Kazdy multigraf G s |Vg| > 2 splnuje (G) = det(Lé’l).
Dikaz: B.d.n.o. G je souvisly. Indukci podle m = |Eg].
Zaklad indukce: pro m =1 ma G jen dva vrcholy a
K(G) =1 = deg(vs) = (Lg)2o = det(LE").
Indukéni krok: Zvolme libovolnou e € Eg, b.G.n.0. e = (vq, v2).
Oznacéme A = L%;’l, -F af— Lé‘le = Al = Bl

C je podmatice Ls odpovidajici vs, ..., v,.
Z induk¢niho predpokladu k(G — e) = det(B), k(G o e) = det(C).
Matice A a B jsou shodné kromé& by 1 = a; 1 — 1, protoze

vypusténim e klesne stupen v» o 1. Prvni sloupec A vyjadiime jako

soulet prvniho sloupce B a vektoru e'.

Linearitou det(A) podél tohoto rozkladu prvniho sloupce
ziskame det(A) = det(’) + det(C). Nyni dokoncime:
K(G) = k(G —e) + k(G oe) =det(L; )+ det(Lg..) = det(Lg")



Kostry uplnych grafi — Cayleyho vzorec

Véta: Uplny graf K, ma n"~2 koster.

Dikaz:
=]l =1 =1
k(Kn) = det(Ly!) = =i et
1
-1 -1 n-1
n—-1 -1 -1 ... -1 1 -1 -1
—-n n 0 0 0 n 0
= | gy 0 n =10 0 n
..
—-n 0 0 n 0 O




